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Diffuse Interface M odels and SPH

* SPH naturally multimaterial

 Difficulties for equilibrium in the vicinity of contadine of materials with hight density
ratio

 Needs of interface forces such as surface tension
» General framework for mixture models (Baer Nunziato)

« Connection with incompressible limits used as a numetaomlifor solving free surface
flow problems

» Alternative to Standart SPH

« Originally developped for Sloshing application in epa&ngineering

Models and Numerical tools

2001- 2003 (PhD Thesis of G. Chanteperdrix) : Finitewioé and Riemann solvers

SLOSH 2D code of ONERA 2004-2005 : SLOSH 3D

2003-2006 : Mixture models for SPH (IFP Thesis of Py&(lle)

Hybrid FV SPH version for miscible fluids

Physical and Mathematical Background of the models— Diffuse Interface and Thermodynamics
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I\/”XTURE MODEL (:l_/ Gas volume fraction
Dynamic equations

éil T dIV(,O1V) 0 Gasmass conservation
4 % + diV(,EZV) =0 Liquid mass conservation

oV +div(pVoV+pla—-Y,)=pg + F + F.| Momentun
ot T : : : balance

| | | |
viscosity gravity inertia  Surface tension

P =ap 152:(1_0’):02 P=pPtP,
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MIXTURE MODEL(2)

Pressure :
Dynamic viscosity :

Gas volume fraction :

Linear pressure laws :

Choice of ¢
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Closure laws

p(a,p,,p,)=0a pl(%j-l_(l_a)pZ( pzaj

H=au+A-a)u,

pl(&j: pz( = j = a :a*(lbl’le)

a 1-a

P.(2) = P + C12 (0.~ Po1)
P,(0,) = P + C§ (0, = Ps,)

Ap 1
—=—Ap<<1

T,=Llc<<T
Lo Coi
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MIXTURE MODEL(3) 5
Capillary forces |

Fc =0k n, = -0 dv [ o jDa
Do

olla
Fo =00 O'HDOCH ld - U Ha conservation form
[Cal
Integration over a boundary cell of the second tgiras
a .
m- n,, = —Ccoséd
a
Dynamic contact angle model (3Ca / = tan 9, (Cos 6. - cos 8, )
g,=1(Vv,é4),
(from de Gennest al ) A _ L -
“Gouttes, bulles, perles et ondes”) Ca = o £=log a length scale ratio

Conservation form of Fallows for an efficient implementation
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MIXTURE MODEL(3)

Thermal effects (Boussinesg type model)

Coupling term

Momentum at

!

aLV+diV(meV+|old—Zv)=pog - BT -T,) + F

Low velocity flow =>

Let:T'=T-T,

Ap =1/2p,A(V ) << p, AT

Enthalpy balance

Enthalpy 5,0 CpT '

ot

+div(pc,T'V)= div(/]|DT')+ZV : |DV

Additionnal closure
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Dh d W,
E— f
P D i

¢, =a.c, +(1-a.)c,,
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MIXTURE MODEL(3)
Numerical Tools

Finite Volume scheme based upon Riemann Solvers

Relaxation procedure to achieve mechanical equilibrium

Explicit treatment of Surface tension and viscous ¢$fec

Quasi incompressibility or low mach number approachrfoompressible fluid

Natural extension to SPH with hybrid ALE formulation
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PHYSICAL BACKGROUND 3
Least action Principle (1)
The mixture is characterized by a total energyE = EpHuHZ +> (,b,q ) +®d

where€ (0,5) is the internal energy @ thiid i given as a function of the density dahd specific
entropy of fluid |

andg® a functional which may represent an infeznargy related with surface tension and mixture
energy :

&b =d(a,,a,,Ua,0a,,s,s) a+a,=1 o &=0G(a,la,s,s,) a,=a,a,=1-a

* The least action principle states that any m((tidnt‘") minimize the integral of action definzsl
Ag) = j QL(p;‘, ps.af ,0a uf &, s, ixdt®
where Q is the space — time domain of definitiothef motion and

L(ﬁl’ﬁZ’a’Va’u’Sly’SZ) = %p”U ”2 - Z(ﬁiei(piisi)) - G(aivaisl,’SZ)
[

under the constraints of mass conservation given by %J, div(pu) =0
ot |
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PHYSICAL BACKGROUND 9
Least action Principle (2)

* Virtual Motions in agreement with mass conservatian@wen by a space time diffeomorphism of

Q=[t,,,]xQ  Q domaininR* X= (X0, X Xg) T X =1
a(x) Vector field defined on Q is transformed by the diffeoptusmg (h=g1)

@)" = Jg@".v(h")-g [, divi(a() ax= div, (a?(x)) ax
ay = Jy(Dh.a)-g

Mass conservantion of each constituant reads &a: + div(p,u) =

Taking a(x) = ( A0 jmass conservation is also
B (x)u(x) div, (a(x))=

Transformation rules faa and over fields (s and) are
N 4 (VThy)T
_(h PO = 3 0P, 000 1 (Vho)Tu) ey — 1) U0

h= n Mo 4 (Vhe) Tu(x)

ai(X?) = ai(X) S (X¢) = 5(X)
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PHYSICAL BACKGROUND 10
Least action Principle (3)

For a given smooth fieldin Q, we define a familly of diffeomorpishig(x,v) depending smoothly

on the parameter
p dg_gov @l —dxgl _V_VO __@l
gl_.= de 7 de “7° w de 7
5:0

g P '=0X

° £ of dp? ~ 1 . -
djgg .0 = % + div(w) = 8J ddsg c=0=0 Ol(j—;|g:o =0 4z .o = P;(diviw) —uT.V(vo)) = 6p,
du® __(owa Vo T dVyeaf | = %V(vo) + (VTW)TVai = oV,
i =0 = (% +Zﬁ:1duﬂ o ) T ua(X)( + (Vo) U) = dU, de le=0 T i

The Action 4(¢) :J' L(p?,af,Va?,ué, s )dxedt? is differentiable with respectgate=0
Q

. T dA ~
and its derivative is given by dég) le=0 = IQ (( L )Tsu +Z( L sp, a‘%‘- 5Va.> - L(SJ) dxdt

Least Action Principle says Action is minimal amona bB#& wvirtual motions, thus

dA(e)

.o =0
dS &=0
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PHYSICAL BACKGROUND 11
Least action Principle (4)

The above computation gives

de oVa;

+ (%pnunz +Zij<ﬁiei>+<b>% P = 2P
(zdn (3w r e o o o

vw e C*(Q,RY)

dA(E) ..o = I (( P+ ®)div(w) — Z 00; VTW)TVa—puT(%—VtV+(uT.VWT)T)

.[Q<puT( +UT.vwWhH ) + (P - (D)dIV(W)—i-Z aq)' (VTW) Va)dxdt =

Yo € C* (Q, R)

1 2 ~ Vg
IQ<<§pnun +Zi}<pie.>+cb> i
1 2 ~a |yT_S" 02 0D _
+<<2p||u|| +P+Zpie.>u Z pr 8Vai>'V(V°)>dth 0
& \sTiuT
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PHYSICAL BACKGROUND 12
Least action Principle (5)

Which are variationnal (or weak) formulation of momentand energy conservation of the mixture

8’[

d&plul?+ X (i) + @

ot
And we recover the capillary tensor

at +div(pu ® u) = divr

%Itz + div(Eu) = divau + divW

W is the interstitial work

The unknowns ar@l,ﬁz,U,a,Sl,Sz)

We need 2 additionnal closures
SPHERIC Lausanne June 2008

+d|v(pu ®Uu)+V(P-D) +dlv< aaV(D ®Va.> =0 P = Zi o Pi
) . 1 2 ~ aO!i oD —
+dlv<(§p||u|| +P+2i:piei)u—zi:ﬁav_ai —
r=-(P-®)l4 - Z 0_gvg, =—(P-)1, ISRy, ToP
oVai ola

1 ~
E=§p||u||2+2<p.e.>+<b

ob [ oo o0 daj
W_Zé I+UTV> Z:(Wozid_tI

_0G da _ _0G (805 )
W oVa dt oVa \ ot tuva

, Sysies d+5 unknowns. We only have d+3 equations.
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PHYSICAL BACKGROUND 13
Least action Principle (6)

We define 2 additionnal families of virtual motion (meai@al equilibrium and thermodynamical equilibrium)
Virtual motion for mechanical equilibrium

(7,(¥),s1(x),u(x)) unchanged with dct whegg(x) are smooth functions such that
de B
l,0 = 249100 =0
Then the non null derivatives are da? dea.
d8 e=0 = Qi |e—0 - V(pl
Least action principle gives as abc dA(e) =0
de O¢, 0C°(Q,R%)such that2¢i =0
with dA(s) - I (Z L 5q; + o I5Vai>dxdt which leads to 20 20
IQ(Z(Q J¢ ~30a D¢Jd xdt =0
And consequently to
0P 0G
- = +div(——
P +div ( ) P+Za div(y aj) or P, =P =~ 'V(ama)
Mixing Energy effect Surface Tension effect
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PHYSICAL BACKGROUND 14
Least action Principle (7)

Virtual motion for thermodynamical equilibrium

The aim is to construct extremum for= I Z'ﬁisi dxdt in agreement with least action ppte
which requires extremum for the actidirfe). !
ds’

Taking (p,(x),ai(x),u(x)) unchanged wi de Vi whege(x)  are smooth functions.
Sﬂg:o

ind GA©, _ oD, i 5T+ 02 ) = 0 == 0A@),
We find 5 |go_—jQ<Z(pT+a ) .)dxdt .Taking Z(piT'+aa ><p|—0 4 le0 =0

E
We also haVedS_g) e=0 = I <Z P 5S|>dth and% ,o=0 require_, p;dsi =0

Which is possible iff we have a unique thermodynamieaigeraturd such that

T+102 -7
p|8|
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PHYSICAL BACKGROUND 15
Least Action Principle. Final model

. o - _ 2 ~
The complete model is : E = EIOHUH +y (piq ) + o]
opu : :
%+dlv(pu®u) = divr ® =G(a,0a,s,s,) P=ap +1-a)p,
0G
OE _yi —di i r=—-(P-o)1, -———[J0a
2= -+ div(Eu) = divau + divw ( )1, P
with the additional constraints of mechanical edpuilim :
oG . , 0G
- p=——+div(——
P, = Py =+ div(o )
and thermal equilibrium : T, +é6i> =T, +?16i> =)
Py 0s, P, 0,
In the isothermal case we recover the model predatiove where the capillary tensor is given here
by
r = (CDI .9 5 Daj
ola
f‘ INSTITUT
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PHYSICAL BACKGROUNL
Laplace relation and sharp

Interface limit
« Taking G(a,0a,s,,s,) = ¢(a)+(|Dal)

af~(p-0)1, - "L 70 |--cip-9)- (m{ed\ma\b”““}} a

| ilibri i O(P-¢)=- divy G (|C [Bal}
Static equilibrium requires ¢ iv G (|Dal) — | |pa

16

In the sharp interface limitr(x) =Y. (r - R) whereY, is a regularisation of the heavisidefiom of
thickness

In the special casg(0al) = o0 weorer that the pressure jump across the intelégee is given by
the Laplace relation.
P2 —p1 =0C

In the more general cassg“DaH = kHDa , the Laplace law is still valid, but the macrgsicosurface tension
coefficient depends also of the thlckness of tigerldonce we give the coefficient k of the micrgsico

energy)

The case m=1 corresponds with CSF method of Brickiot2 corresponds with a more realistic Physics,
but requires a correct resolution of interface tggecond gradient or Korteweg point of view)
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PHYSICAL BACKGROUND 17
Dissipation and Thermodynamics of Irreversible iessc(1)

« Least Action Principle ignore dissipative mechanis2ngl principle of Thermodynamics
( Clausius Duhem inequality) gives information on adrissdissipative process.

 Let %:@wma the balance lanad®

a o () & =-pdiw
(i) po=div(Y)+pf
Clausius Duhem inequality (iii) ,0% =Y Du+ div(w) —div(qg) + or

IS not the standart one \
(V) p(%+s%2)-3.Du-div(w)+%2<0

where ¢ =e—-6s is the free Helmoltz energg &the thermodynamic temperature. In our
case we postulate —
g oY =y (B, P, a,6)+®(a.8)0al)

pYy = P& (%51) + 5292<%,32> —0(p;51 +0,52) + o) + GO, |Va|)

We also need a closure equation in order to relatgdlume fraction with other unknowns.
We propose da _ =
at where R is an unknown functionnal. o
<P INSTITUT
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PHYSICAL BACKGROUND 18
Dissipation and Thermodynamics of Irreversible iBssc(2)

e The flow process is determined byt ={p0, 0., a, R 6,e,s,>,u,q,w,f r}

and we need to define unknown fluxese,s,>,q,w as functional of some set of varialdes

auxiliary variables e.g. : o
N =(p,,p,a,u,6,0u06 Oa [O0a)

As a consequence we have necessarily

s=s(p, p,.a,0,|0a]) = o

06

and with the additionahaterial indifference principlhich states some rules for dependency of
unknown fluxes with respect td under a change of referential, we find thas given by

w:p:D—‘”a R(2, 2,.a,u,6,0u,060 Da 00a)+y,(a 8 |0al)0a 008

whereV, is a scalar valued functions. We alse lzareduced Clausius — Duhem inequality

o . [ 0 Oa bl

o9 _ giy[ —2G__Va
— -t _ < &
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PHYSICAL BACKGROUND 19

Dissipation and Thermodynamics of Irreversible iBssc(3)

Any admissible process need to satisfy the above ergamt.One acceptable choice is the
oy

following
= - aw 0(,0 0 =7 +
T, [Daﬂ,oama+,oapi ,oil} 2 e ZV w = pGDO’
with —
_ _ 1 oy . [ e® Da q08
—>.,:0u<0 R=-=| p==-div <0
> R"aa /| sberiat)) %
ande>0 in order to satlsfy he Clausius Duhem inequality :
_ oy . oy .
[DaﬂpaD +p5,5i pil+ZJ.Du
pa—w div acb(a'é?HDa'H) a R—div(w—p oy Rj+q'D6sO
ol0a]  |Od] o0a g

The above equations states the basis of our numerichisno

R, = Ay g 92 gy 9G Da Is closely related to the previous notion of
el 7 oa d|0al |Da] mechanical equilibrium

Note that phase change phenomena can be inclugegdhnan approach. Strong connections
of physical mechanism with relaxation procedure aretgy transfer are one of the main

characteristic of this approach. o
INSTITUT
SPHERIC Lausanne June 2008 ;t/ de MATHEMATIQUES




PHYSICAL BACKGROUND 20
Dissipation and Thermodynamics of Irreversible iessc(4)

Incompressible Limit and NS Cahn Hilliard formulatifwr partially miscible fluids

e Instead of‘i'j_" _R We use C;—Ctr = div(J)
¢

| ) a¢ . [ 0G Oa
. J=D0O
With a AP e d'{aHDaHHDaHJ

(R = 1div(3) = peiv(DO ) = div(uDOg) - D04’

And a modified C.D. inequality is satisfied {Dagp oy +p"i/’ 0 1+ZJ:Du

o]

+ pa_w_div[adb(a,H,HDaH) a NR dIV(W paw j +999 ¢

Example of planar interfaces [ oa 0|Ba]  [Daf ola g
There is a competition relating TS and mixture guavhich characterise the thickness of the interf

layer. Tipically if #a)+G(0a) = éaz(l—a)z N UgHDaHZ

o is the macroscopic surface tension coeff. aadthe thickness of the interface
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Applications of the method to miscible Fluids 21
Lock exchange experlment S|mulat|on (1)
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Applications of the method to miscible Fluids 22
Lock exchange experiment simulation (2)
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